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Let E be a complex Hilbert space and A a self-adjoint linear operator in 
E. 
Consider the Cauchy problem 
P) 
U’(f) + AU(t) + U(t)4 + U’(t) = Q, 
U(O) = uo, 
where Q is a self-adjoint positive linear operator in E. In this paper we study 
the asymptotic behaviour of the solution of (P). 
Problems of this kind arise in the optimal control theory and particularly 
in problems of control at unbounded time intervals. 
Using a method which seems to be new, we prove the existence of an 
asymptotically stable solution fJm and we show that, for U, > Urn, the 
solution of (P) tends exponentially to such a stationary solution. 
1. PRELIMINARIES 
Let E be a complex Hilbert space. Denote by H(E) the Banach space of 
linear Hermitian operators from E to E and by H+(E) the cone of positive 
operators. Let A a self-adjoint and semi-bounded operator such that A > --w 
and let finally Q E H+(E) be a linear operator such that Q > al for some 
a > 0. 
In this case the Cauchy prolem 
P> 
U’(t) + A U(t) + U(t)A + U’(t) = Q, 
U(0) = CT, 
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has a unique maximal strong solution U(t) in H(E) for any U E H(E). 
Moreover, if U, E H(E), the solution U(t) is global and U(t) E Ht (E) (see 
13 I)* 
In this paper we will study the asymptotic behaviour of the solution of 
P>* 
We consider also the approximate problems 
P,> 
u;(t) + A, U,(l) + u,(t) A, + u:(t) = a 
U,(O) = uo, 
where A, are the Yosida operators 
A.=n-(n+A)-’ for n > w. 
It is well known that, as A, E p(E), the problem (P,) has a unique solution 
U, E C(0, T, Ht (E)),’ for any T > 0, whatever U, E Ht (E). Moreover 
U,, -+ U in C(0, T, Hz(E)) (see [3]). 
2. ASYMPTOTIC BEHAVIOUR OF AN APPROXIMATE PROBLEM 
We will find the solutions of the stationary equation 
A,U,,+ U,,A,+ U;=Q (2.1) 
in Hf (I?). 
Denote by 
then Eq. (2.1) is equivalent to 
?‘;-A:,--==. (2.2) 
The stationary problem (2.2) has in H+(E) the unique positive solution 
c 6 (Q + A;)“‘, (2.3) 
where Vr is the unique positive square root of the self-adjoint (positive) 
operator Q + A f,, 
It is (see [6]) 
c-A”>O, y > Q”* > al (2.4) 
’ H,(E) is the set H(E) endowed with the strong topology and C(0, T; Hi(E)) is the set of 
continuous functions from 10, Tj to H.;(E). 
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since 
(V:)‘=Q+A;>A; and (W’ > Q. 
Moreover, denote by 
Z” = P - v:, 
then the stationary problem (2.2) is equivalent to 
V~Z,+Z,vp+Z:,=O (2.5) 
in H+(E). 
We show that Z = 0 is the unique solution of (2.5) in H+(E). In fact every 
other solution of (2.5) verifies’ (see [3]) 
w, = e-tvRwne-‘VF _ 
I 
t 
,-ct-s)~w;e-‘t-S’~ &. 
0 
We have that 
(e-ct-s,v~wfie-‘t-s’V~x, x) > 0 for any x E E (2.6) 
and consequently 
(W,x, x) < (emrvF W,e-t”cx, x) for any x E E. 
Taking the limit for t -+ co we have 
(Wp, x) < 0 for any x E E. 
We have proved 
PROPOSITION 2.1. The equation Z; + V:Z, + Z,v;P + Zf, = 0, where 
Vn=(Q+An) 2 ‘/2, has in H(E) the unique stationary solution Z = 0. 
Now we go on to study the stability of the stationary solution to the problem 
Pb) 
z:,+ ~z,+z,~+z~=o, 
Z”(0) = z,. 
We have the following useful result: 
LEMMA 2.1. The following inequality is true3 :
Iemrv~( <eCa”+ for all n > w. (2.7) 
2 The integrals are in H,(E). 
’ a is the constant such that Q > nl > 0. 
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Prooj Consider the Cauchy problem 
24; + vp, = 0, 
u,(O) =x. 
Its solution is 
By (1.4) one has 
u,(t) = ep (“:x. 
therefore 
1 u,(t)12 ,< 1x1’ - 2a”’ j-’ I u,(t)l’ ds 
0 
and the conclusion follows by Gronwall’s lemma. 
Then it follows 
PROPOSITION 2.2. For any E > 0, there exists R, = R,(a) > 0 
(independent from n) such that for all Z,, IZ,I < R,, it is 
(9 Izn(t>l < 6 for all t > 0. 
That is Z = 0 is a stable (uniformly in n) solution of (Ph). We have also 
(ii) IZ,(t)l < R,e”-2”“2)f for all t > 0. 
Proof. Let Z,(t) be the solution of (P’,). By Lemma 2.1 it is 
IZ,(t)l < IZ,I e-2a”2t + 
s 
te-2a”2(f-s) IZ,(s)12 ds. 
0 
Fix E > 0. If Z = 0 is not stable, there exists a T > 0 such that 
Iznw < E for any t < T and I Z”(T)1 = E* 
By (2.8) it follows for all t Q T 
(1.8) 
Iz,(t)l < Iz,I e~~‘@(‘-~) IZ,,(S)(~ ds. 
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If we choose E < 2a’12 we have 
and hence T = +co. Then (i) is proved. Statement (ii) follows immediately 
from (1.9). By the previous proof follows easily 
PROPOSITION 2.3. There exists R = R(a) > 0 (independent from n) such 
that, if 1 Z,I < R, it is 
(9 lim Z,(t) = 0 in H,(E). t-m 
That is Z = 0 is an attractive stationary solution of (Ph). Moreover 
(ii) I Z&l G R for all t > 0. 
Finally one has 
PROPOSITION 2.4. For any Z, E H+(E) we have 
1 
and (‘) 
lim Z,(t) = 0 in H,(E) ,-CC 
(ii) /z,(t)1 < e-2a”2t JZ,I. 
Proof. For any Z,,(t) of (PL) satisfies 
0 <Z,(t) < e-‘vzZ,em’r’i 
and taking the limit for t -+ co we have 
z,(t) + 0, 
that is, Z = 0 is globally attractive in H+(E). 
Moreover from Lemma 1.1 
(Z,(t)x, x) < e-2m1’2’ lZ,I [xl2 for all x E E 
and (ii) follows 
3. ASYMPTOTIC BEHAVIOUR OF (P) 
We consider again the problem 
Ph) 
z:,+ ~z,+z,~+z~=o, 
Z”(O) = z, 9 
where c = (Q + ,4:)‘j2 and Z, E H(E). 
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It is easy to show that 
v: + V” in H,(E), for n-+co, 
where V” is the self-adjoint operator such that 
V‘@>O and (V”)‘=Q+A2. 
Moreover, by the Trotter-Kato theorem, see [7], it follows 
eptYUx = lim e-tYFx for any x E E. 
t-m 
At the end, by virtue of the contractions principle and by standard argument 
(see [4]) the following result can be proved: 
PROPOSITION 3.1. For any T>O it is 
z/z in C(0, T; H,(E)), 
Z, and Z being, respectively, the solution of (P’,) and of 
P’) 
z’+ Pz+zvm+z2=o, 
Z(0) = z,. 
With the results obtained up to now we get 
PROPOSITION 3.2. The equation Z’ + V”OZ + Zlr” + Z* = 0 has in 
H+(E) the unique stationary solution Z = 0. We have moreover that 
(i) Z = 0 is asymptotically stable in H(E), 
(ii) ifZ, E H’(E) it is 
1 Z(t)] < e-2u1’*t 1 Z, 1 
Consider now the problem (P). By the spectral theorem and Loewner’s 
theorem (see [ 6]), the operator v” L A is bounded in D(A). Denote by U” 
the closure of I’” --A. Let 
u(t) = z(t) + ua;, 
where Z(t) is the solution of (P’); we have that U(t) is the solution of 
P) 
U’+AU+UA+U’=Q, 
U(0) = z, + Urn. 
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The operator Urn is the unique stationary solution of the equation 
U’ + AU + UA + U2 = Q veriting the condition U > Ua) and by the previous 
results we can conclude 
THEOREM 3.1. U” is asymptotically stable solution of(P) and moreover 
for any U, such that U, > P it follows 
1 U(t) - P 1 < eC2a”2r 1 U(0) - U” I. (3.1) 
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